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AN APPROACH TO THE FINITISTIC DIMENSION
CONJECTURE
FRANC¸OIS HUARD,
MARCELO LANZILOTTA,
OCTAVIO MENDOZA
Abstract. Let R be a finite dimensional k-algebra over an algebraically closed
field k and modR be the category of all finitely generated left R-modules. For a
given full subcategory X of modR, we denote by pfdX the projective finitistic
dimension of X . That is, pfdX := sup {pdX : X ∈ X and pdX <∞}.
It was conjectured by H. Bass in the 60’s that the projective finitistic dimen-
sion pfd (R) := pfd (modR) has to be finite. Since then, much work has been
done toward the proof of this conjecture. Recently, K. Igusa and J. Todorov
defined in [9] a function Ψ : modR→ N, which turned out to be useful to prove
that pfd (R) is finite for some classes of algebras. In order to have a different
approach to the finitistic dimension conjecture, we propose to consider a class
of full subcategories of modR instead of a class of algebras, namely to take
the class of categories F(θ) of θ-filtered R-modules for all stratifying systems
(θ,≤) in modR.
1. Preliminaries
1.1. Basic notations. Throughout this paper, R will denote a finite dimensional
k-algebra over a fixed algebraically closed field k, and modR will be the category
of all finitely generated left R-modules. Only finitely generated left R-modules will
be considered.
Given a class C of R-modules, we consider the following:
(a) the full subcategory F(C) of modR whose objects are the zero R-module
and the C-filtered R-modules, that is, 0 6= M ∈ F(C) if there is a finite
chain 0 =M0 ⊆M1 ⊆ · · · ⊆ Mm =M of submodules of M such that each
quotient Mi/Mi−1 is isomorphic to some object in C;
(b) the projective dimension pd C := sup {pdC : C ∈ C} ∈ N ∪ {∞} of the
class C;
(c) the projective finitistic dimension pfd C := sup {pdC : C ∈ C and pdC <
∞} of the class C;
(d) the class P(C) := {X : Ext1R(X,−)|F(C) = 0} of C-projective R-modules;
and
(e) the class I(C) := {X : Ext1R(−, X)|F(C) = 0} of C-injective R-modules.
The global dimension gldim (R) := pd (modR) and the projective finitistic di-
mension pfd (R) := pfd (modR) are important homological invariants of R. The
projective finitistic dimension was introduced in the 60’s to study commutative
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noetherian rings; however, it became a fundamental tool for the study of non-
commutative artinian rings. The finitistic dimension conjecture states that pfd (A)
is finite for any left artinian ring A. This conjecture is also closely related with
other famous homological conjectures, see for example in [6] and [15].
1.2. Stratifying systems. For any positive integer t ∈ Z, we set by definition
[1, t] := {1, 2, · · · , t}.
Moreover, the natural total order ≤ on [1, t] will be considered throughout the
paper.
Definition 1.1. [10] A stratifying system (θ,≤), in modR, of size t consists of
a set θ = {θ(i) : i ∈ [1, t]} of indecomposable R-modules satisfying the following
homological conditions:
(a) HomR(θ(j), θ(i)) = 0 for j > i,
(b) Ext1R(θ(j), θ(i)) = 0 for j ≥ i.
1.3. Canonical stratifying systems. Once we have recalled the definition of
stratifying system, it is important to know whether such a system exists for a given
algebra R. Consider the set [1, n] which is in bijective correspondence with the
iso-classes of simple R-modules. For each i ∈ [1, n], we denote by S(i) the simple
R-module corresponding to i, and by P (i) the projective cover of S(i). Following
V. Dlab and C. M. Ringel in [7], we recall that the standard module R∆(i) is the
maximal quotient of P (i) with composition factors amongst S(j) with j ≤ i. So,
by Lemma 1.2 and Lemma 1.3 in [7], we get that the set of standard modules
R∆ := {R∆(i) : i ∈ [1, n]} satisfies Definition 1.1. We will refer to this set as
the cannonical stratifying system of R. Moreover, in case RR ∈ F(R∆) following
I. Agoston,V. Dlab and E. Lukacs in [1], we say that R is a standardly stratified
algebra (or a ss-algebra for short).
1.4. The finitistic dimension conjecture for ss-algebras. It was shown in
[2] that the finitistic dimension conjecture holds for ss-algebras. In this paper, it
is shown that pfd (R) ≤ 2n − 2 where n is the number of iso-classes of simple
R-modules. Of course, not only the number n but also the category F(R∆) is
closely related to pfd (R) as can be seen in the following result (see the proof in the
Corollary 6.17(j) in [13]).
Theorem 1.2. [13] Let R be a ss-algebra and n be the number of iso-classes of
simple R-modules. Then
pfd (R) ≤ pdF(R∆) + resdimF(R∆) (F(R∆)
∧) ≤ 2n− 2.
2. The stratifying system approach
In Theorem 1.2, we saw that if R is a ss-algebra, then the category F(R∆) is
closely related to pfd (R). Assume now that R is not a ss-algebra. We know from
1.3 that R still admits at least one stratifying system. Thus it makes sense to study
pfd (R) from the point of view of stratifying systems. The following theorem was
shown in [13]:
Theorem 2.1. [13] Let R be an algebra, n be the number of iso-classes of simple
R-modules and (θ,≤) be a stratifying system of size t. If I(θ) is coresolving, then
pdF(θ) ≤ t ≤ n and pfd (R) ≤ pdF(θ) + resdimY (Y
∧),
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where Y := {X : Ext1R(X,−)|I(θ) = 0} ⊇ F(θ).
Remark 2.2. (1) The condition of I(θ) being coresolving given in the Theorem
2.1 is strong and has as a consequence that pdF(θ) is finite. However, we do not
know whether the resolution dimension resdimY (Y∧) is finite.
(2) In general, we can have that pdF(θ) = ∞ as can be seen in the following
example.
Example 2.3. Let R be the quotient path algebra given by the quiver
1
β

α // 2
γ

and the relations β2 = αβ = γα = γ2 = 0. We have that R∆(1) = P (1)/S(2) and
R∆(2) = P (2). Then (R∆,≤) is a stratifying system of size 2 and pdR∆(1) =∞.
The discussion above leads us to the following questions. Question 1: suppose
that pdF(θ) = ∞; is it possible to prove that pfdF(θ) < ∞? Of course, if the
finitistic dimension conjecture is true, we have that pfdF(θ) is finite.
Question 2: is the following number finite?
sspfd (R) := sup {pfdF(θ) : (θ,≤) is a stratifying system with pfdF(θ) <∞}.
Again we have that if pfd (R) is finite then so is sspfd (R). Hence, we propose the
following questions.
The Homological Stratifying System Conjecture I: Let R be any finite
dimensional k-algebra. Then, for any stratifying system (θ,≤) in modR, we have
that pfdF(θ) is finite.
The Homological Stratifying System Conjecture II: For any finite dimen-
sional k-algebra R, we have that sspfd (R) is finite.
Note that the concept of stratifying system could be an appropriate tool to
construct a counter-example for the finitistic dimension conjecture since pfdF(θ) ≤
pfd (R).
Remark 2.4. Let R be a k-algebra and (θ,≤) be a stratifying system of size t. If
one of the following three conditions holds: (a) t=1, (b) pd θ < ∞ or (c) I(θ) is
coresolving, then pfdF(θ) is finite. Indeed, if If t = 1, we have that F(θ) = add θ(1)
with θ(1) indecomposable. On the other hand, we know, by the Corollary 2.4 in [12],
that pdF(θ) = pd θ. Finally, if I(θ) is coresolving, we obtain from 2.1 that pfdF(θ)
has to be finite.
3. Igusa-Todorov’s function
In this section, we recall the Igusa-Todorov function [9] and some properties of
this function that have been successfully applied to solve the finitistic dimension
conjecture for some special classes of algebras. Moreover, we establish a new inter-
esting inequality (see 3.5), which is our contribution, and will be useful to give a
partial solution to The Homological Stratifying System Conjecture I.
Let K denote the quotient of the free abelian group generated by all the symbols
[M ], where M ∈ modR, modulo the relations: (a) [C] = [A] + [B] if C ≃ A
∐
B,
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and (b) [P ] = 0 if P is projective. Then K is the free Z-module generated by the
iso-classes of indecomposable finitely generated non-projective R-modules. In [9],
K. Igusa and G. Todorov defined a function Ψ : modR→ N as follows. Denote the
first syzygy of M by ΩM.
The syzygy induces a Z-endomorphism on K that will also be denoted by Ω.
That is, we have a Z-homomorphism Ω : K → K where Ω[M ] := [ΩM ]. For a
given R-module M, we denote by < M > the Z-submodule of K generated by
the indecomposable direct summands of M. Since Z is a Noetherian ring, Fitting’s
lemma implies that there is an integer n such that Ω : Ωm < M >→ Ωm+1 < M >
is an isomorphism for all m ≥ n; hence there exists a smallest non-negative integer
Φ (M) such that Ω : Ωm < M > → Ωm+1 < M > is an isomorphism for all
m ≥ Φ (M). Define CM as the set whose elements are the direct summands of
ΩΦ(M) (M). Then we set:
Ψ (M) := Φ (M) + pfd CM .
The following result is due to K. Igusa and G. Todorov.
Proposition 3.1. [9] The function Ψ : modR → N satisfies the following proper-
ties.
(a) If pdM is finite then Ψ(M) = pdM. On the other hand, Ψ(M) = 0 if M
is indecomposable and pdM =∞.
(b) Ψ (M) = Ψ (N) if addM = addN.
(c) Ψ(M) ≤ Ψ(M
∐
N).
(d) Ψ(M
∐
P ) = Ψ(M) for any projective R-module P.
(e) If 0 → A→ B → C → 0 is an exact sequence in modR and pdC is finite
then pdC ≤ Ψ(A
∐
B) + 1.
The following useful inequality was first proved by Y. Wang.
Lemma 3.2. [14] If 0 → A → B → C → 0 is an exact sequence in modR and
pdB is finite then pdB ≤ 2 + Ψ (ΩA
∐
Ω2 C).
As can be seen above, the Igusa-Todorov function Ψ is some kind of generaliza-
tion of the projective dimension. So, it makes sense to consider the “Ψ-dimension”
of a given class X of objects in modR.
Definition 3.3. Let X be a class of objects in modR. The Ψ-dimension of X is
Ψd (X ) := sup {Ψ(X) : X ∈ X}.
Question: Is Ψd (F(θ)) finite for any stratifying system (θ,≤) in modR?
It would be useful to have the following generalisation of Proposition 3.1 (e): if
0→ A→ B → C → 0 is an exact sequence in modR then Ψ (C) ≤ Ψ(A
∐
B) + 1.
Such a result is not true in general but we will now show that it holds when B is
projective. It will be an appropriate tool to obtain a bound of pfdX for a given
class X of objects in modR.
Lemma 3.4. Φ (X) ≤ 1 + Φ (ΩX) for any X ∈ modR.
Proof. LetX be an R-module; we assert that Ω < X > is a subgroup of < ΩX > .
Indeed, let X1, X2, · · · , Xt be all the indecomposable (up to isomorphism) non
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projective direct summands of X. For each i, we have a decomposition ΩXi =
⊕nik=1X
βik
ik ⊕ Pi where Xik are pairwise non-isomorphic and Pi is a projective R-
module. Let x ∈< X >, so we have x =
∑t
i=1 αi[Xi] with αi ∈ Z for each i.
Applying Ω to x, we get the following equalities
Ω (x) =
t∑
i=1
αi[ΩXi] =
t∑
i=1
αi(
ni∑
k=1
βik[Xik]);
proving that Ω < X >⊆< ΩX > .
Assume that Φ (ΩX) = n. Hence, Ω : Ωm < ΩX > → Ωm+1 < ΩX > is
an isomorphism for all m ≥ n. On the other hand, Ωm+1 < X > is a subgroup
of Ωm < ΩX > since Ω < X >⊆< ΩX > . Therefore, we get an isomorphism
Ω : Ωm+1 < X > → Ωm+2 < X > for all m + 1 ≥ n + 1. Then Φ (X) ≤ n + 1 =
Φ (ΩX) + 1. ✷
Proposition 3.5. Ψ(X) ≤ 1 + Ψ (ΩX) for any X ∈ modR.
Proof. Let X be an R-module. Consider the set CX whose elements are the
direct summands of ΩΦ (X) (X); and choose Y in CX such that pd Y = pfd CX . So,
by the definition of Ψ, we have that Ψ (X) = pd Y + Φ(X). Hence, to prove the
result, it is enough to see that pdY +Φ(X)− 1 ≤ Ψ(ΩX).
Take n := Φ (X)− 1 and M := ΩX. Then, we have that Y is a direct summand
of ΩnM since ΩnM = ΩΦ (X) (X). Therefore, using that n ≤ Φ (M)(see 3.4), we
get from Lemma 3 d) in [9] that pdY + n ≤ Ψ(M), proving the result. ✷
Lemma 3.6. Let 0→ A→ B → C → 0 be an exact sequence of R-modules. Then
we have the following:
(a) if pdC is finite then for any m ≥ pdC there are projective R-modules Pm
and P ′m such that Ω
m (A)
∐
Pm ≃ Ωm (B)
∐
P ′m,
(b) if pdA is finite then for any m ≥ pdA there are projective R-modules Pm
and P ′m such that Ω
m+1 (B)
∐
Pm ≃ Ωm+1 (C)
∐
P ′m,
(c) if pdB is finite then for any m ≥ pdB + 1 there are projective R-modules
Pm and P
′
m such that Ω
m+1 (C)
∐
Pm ≃ Ωm (A)
∐
P ′m.
Proof. The proof follows from the well known fact: for any exact sequence
0 → X → Y → Z → 0 of R-modules, there are two new exact sequences 0 →
ΩY → ΩZ
∐
P → X → 0 and 0 → ΩX → ΩY
∐
P ′ → ΩZ → 0, where P and
P ′are projective R-modules. ✷
4. Main results
In this section, we give a partial solution to The Homological Stratifying System
Conjecture I, which was stated in Section 2. In order to do that, we have to intro-
duce some definitions and also to recall several properties for stratifying systems
that were proven in [11].
Let (θ,≤) be a stratifying system of size t. Due to K. Erdmann and C. Sa´enz in
[8], we know that the filtration multiplicities [M : θ(i)] do not depend on the filtra-
tion of M ∈ F(θ). Following the notation in [11], we recall that the θ-support of M
is the set Suppθ(M) = {i ∈ [1, t] : [M : θ(i)] 6= 0}. Therefore, Suppθ(M) is empty
if M = 0. The functions min, max : F(θ) → [1, t] ∪ {±∞} are defined as follows:
(a) min (0) := +∞ and max (0) := −∞, and (b) min(M) := min (Suppθ(M),≤)
and max(M) := max (Suppθ(M),≤) if M 6= 0. For a given 0 6= M ∈ F(θ), we will
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denote by (θM ,≤) the new stratifying system induced by the set θM := {θ(i) : i ∈
Suppθ (M)}. Such kind of reduction will be very useful since M ∈ F(θM ) and the
size of (θM ,≤) is smaller than t.
Definition 4.1. [11] Let θ = {θ(i) : i ∈ [1, t]} be a set of non-zero R-modules and
Q = {Q(i) : i ∈ [1, t]} be a set of indecomposable R-modules. We say that the
system (θ,Q,≤) is an Ext-projective stratifying system ( or epss for short) of size
t, if the following three conditions hold:
(1) HomR(θ(j), θ(i)) = 0 for j > i,
(2) for each i ∈ [1, t] there is an exact sequence 0 → K(i)→ Q(i)→ θ(i) → 0
such that K(i) ∈ F({θ(j) : j > i}),
(3) Ext1R(Q,F(θ)) = 0, where Q :=
∐t
i=1Q(i).
Remark 4.2. Due to [11], we have that, for a given stratifying system (θ,≤), there
is a unique - up to isomorphism - Ext-projective stratifying system (θ,Q,≤) which
is called the epss associated to (θ,≤).
The following results, which were shown in [11], will be very useful throughout
this section.
Proposition 4.3. [11] Let (θ,≤) be a stratifying system of size t, 0 6= M ∈ F(θ),
i = min(M) and m = [M : θ(i)]. Then:
(1) there exists a finite chain
0 ⊂ N ⊂Mm−1 ⊂ · · · ⊂M1 ⊂M0 =M,
of submodules of M sucht that N ∈ F({θ(j) : j > i}) and Mk/Mk+1 ∼= θ(i)
for all k = 0, 1, · · · ,m− 1, where Mm = N .
(2) there exists an exact sequence in F(θ)
0→ N →M → θ(i)m → 0 with min(M) < min(N).
Given a stratifying system (θ,≤), the category F(θ) of θ-filtered R-modules has
very nice properties; for example, it has Ext-projective covers. We recall that, a
morphism f : Q0(M) → M in F(θ) is an Ext-projective cover of M if and only if
f : Q0(M)→M is the right minimal P(θ)-approximation of M and Ker f ∈ F(θ).
The following result says in particular that any M ∈ F(θ) has an Ext-projective
cover. In fact, following Definition 4.1, we have that Q0(θ(i)) = Q(i) for any i; and
so, Q = Q0(
∐t
i=1 θ(i)).
Proposition 4.4. [11] Let (θ,≤) be a stratifying system of size t and (θ,Q,≤) be
the epss associated to (θ,≤). Let 0 6= M ∈ F(θ), i = min(M) and mi = [M : θ(i)].
Then, there exists an exact sequence in F(θ)
0→ N → Q0 (M)
εM→ M → 0
such that min(M) < min(N), Q0 (M) ∈ add
∐
j≥i Q(j) and εM : Q0 (M)→M is
the right minimal P(θ)-approximation of M.
Definition 4.5. Let (θ,≤) be a stratifying system of size t. We denote by ∞θ the
set {i ∈ [1, t] : pd θ(i) =∞}, and by card∞θ the cardinality of ∞θ.
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Lemma 4.6. Let (θ,≤) be a stratifying system of size t such that ∞θ = {i0}.
Define s := max {pd θ(j) : j 6= i0} if t > 1, and s := 0 otherwise. Then, for any
M ∈ F(θ), we have that
(a) pdM <∞ if and only if i0 6∈ Suppθ (M),
(b) if i0 ∈ Suppθ (M), then there exist projective R-modules P and P
′ such that
Ωs+1 (M)
∐
P ≃ Ωs+1(θ(i0)
[M :θ(i0)])
∐
P ′.
Proof. If t = 1 there is nothing to prove since we know that F(θ) = add θ(i0)
and pd 0 = 0. So, we may assume that t > 1.
(a) (⇐) If i0 6∈ Suppθ (M), then by considering the new stratifying system in-
duced by the set θM := {θ(i) : i ∈ SuppθM}, we get from 2.4 that pdM ≤
pdF(θM ) = pdθM ≤ s.
(⇒) Let M ∈ F(θ) be of finite projective dimension. Suppose that [M :
θ(i0)] = m 6= 0. Then, by 4.3, we have a chain Mi0 ⊆ Mi′0 ⊆ M of submodules
of M such that: Mi′
0
/Mi0 ≃ θ(i0)
m, i0 6∈ Suppθ (Mi0) and i0 6∈ Suppθ (M/Mi′0).
Consider the following exact sequences in F(θ)
(1) 0→Mi0 →M →M/Mi0 → 0,
(2) 0→Mi′
0
/Mi0 →M/Mi0 →M/Mi′0 → 0.
Because of the fact that i0 6∈ Suppθ (Mi0), we get that pdMi0 is finite (see the
proof of (⇐) given above). Hence, by (1), we obtain that pdM/Mi0 is finite.
We assert that Mi′
0
6= M. Otherwise, we would obtain that M/Mi0 ≃ θ(i0)
m, and
so pdM/Mi0 has to be infinite which is a contradiction, proving that Mi′0 6=M.
Since Mi′
0
6= M and i0 6∈ Suppθ (M/Mi′0), we have that pdM/Mi′0 is finite; con-
sequently, by (2), we conclude that pdMi′
0
/Mi0 is finite which is a contradiction,
proving that i0 6∈ Suppθ (M).
(b) Assume that i0 ∈ Suppθ (M). Let m := [M : θ(i0)]; so, from 4.3, we get the
following two exact sequences
(3) 0→M0 →M →M/M0 → 0, 0→ N →M0 → θ(i0)
m → 0
such that min (M0) = i0 and [M/M0 : θ(i0)] = 0 = [N : θ(i0)]. Hence, as we
have proven in (a), we have that pdM/M0 ≤ s and pdN ≤ s. Therefore, by
applying 3.6 to the exact sequences in (3), we conclude that Ωs+1(M0) ≃ Ω
s+1(M)
and the existence of projective R-modules P and P ′ such that Ωs+1(M0)
∐
P ≃
Ωs+1(θ(i0)
m)
∐
P ′; proving the result. ✷
Theorem 4.7. Let (θ,≤) be a stratifying system of size t such that ∞θ = {i0}.
Define s := max {pd θ(j) : j 6= i0} if t > 1, and s := 0 otherwise. Then
(a) pfdF(θ) ≤ s,
(b) Ψd (F(θ)) ≤ 1 + s+Ψ(Ωs+1 θ(i0)).
Proof. If t = 1, we have that F(θ) = add θ(i0); and so, by 3.1, we conclude that
pfdF(θ) = 0 = Ψd (F(θ)). Hence, we may assume that t > 1.
(a) LetM ∈ F(θ) be of finite projective dimension. Consider the new stratifying
system θM := {θ(i) : i ∈ SuppθM} induced by M. It follows, from 4.6 (a), that
i0 6∈ SuppθM. Hence pdM ≤ pd θM ≤ s.
(b) Let M ∈ F(θ) be such that pdM = ∞. Then by 4.6 (a) we have that i0 ∈
Suppθ (M). Hence, from 4.6 (b) and 3.1, we get that Ψ (Ω
s+1M) = Ψ (Ωs+1θ(i0)).
Therefore, using 3.5, we conclude that Ψ (M) ≤ 1 + s+Ψ(Ωs+1θ(i0)). ✷
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Note that the previous result gives a partial answer to the Question 3.3; and as
a consequence, we get the first Homological Stratifying System Conjecture in this
case. We will now show that the latter holds in case (θ,≤) admits at most two
indecomposable modules of infinite projective dimension.
Theorem 4.8. Let (θ,≤) be a stratifying system of size t such that ∞θ = {i0, i1},
where i0 < i1. Define s := max {pd θ(j) : j 6= i0, i1} if t > 2, and s := 0 otherwise.
Then, we have that
pfdF(θ) ≤ s+ 2 +min (α, β)
where α := Ψ (Ωs+1 θ(i1)
∐
Ωs+2 θ(i0)), β := Ψ(Ω
s+1 (Q
∐
θ(i1))) and Q is the
Ext-projective cover of
∐t
i=1 θ(i) in F(θ).
Proof. Take M ∈ F(θ) with pdM < ∞. Let j ∈ ∞θ, if j 6∈ Suppθ (M) then
by applying 4.7 (a) to (θM ,≤), we get that pdM ≤ s. So, we may assume that
i0, i1 ∈ Suppθ (M). By 4.3, we have a θ-filtration of M
M1 ⊆M
′
i1
⊆ · · · ⊆Mi1 ⊆ · · · ⊆M0 ⊆M
′
i0
⊆ · · · ⊆Mi0 ⊆ · · · ⊆M
such that [M : θ(i0)] = [Mi0/M0 : θ(i0)] and [M : θ(i1)] = [Mi1/M1 : θ(i1)].
Consider the exact sequence 0 → Mi0 → M → M/Mi0 → 0. Since i0, i1 6∈
Suppθ (M/Mi0), we get pdM/Mi0 ≤ s; therefore pdM ≤ max (s, pdMi0) and
pdMi0 < ∞. On the other hand, from the exact sequence 0 → M1 → Mi0 →
M ′ → 0, we obtain that pdMi0 ≤ max (s, pdM
′), and also that pdM ′ < ∞ since
pdM1 is finite (i0, i1 6∈ Suppθ (M1)). Hence pdM ≤ max (s, pdM
′) with pdM ′
finite, min (M ′) = i0 and max (M
′) = i1.
We assert that pfdF(θ) ≤ s+2+α. Indeed, let m1 := [M ′ : θ(i1)], then we have
an exact sequence in F(θ)
(4) 0→ θ(i1)
m1 →M ′ →M ′′ → 0
such that Suppθ (M
′′) ∩ ∞θ = {i0}. Since pdM
′ is finite, we get, from 3.2, that
pdM ′ ≤ 2+Ψ (Ω θ(i1)
∐
Ω2M ′′).On the other hand, using that Suppθ (M
′′)∩∞θ =
{i0}, we get from 4.6 that Ωs+2M ′′ ≃ Ωs+2 (θ(i0)[M :θ(i0)]); and so, from 3.5, we
conclude that pdM ≤ s+ 2 + α; proving our assertion.
Finally, we prove that pfdF(θ) ≤ s + 2 + β. In order to do that, we consider
the epss (θ,Q,≤) associated to (θ,≤). So, as we have recalled before, we have that
Q :=
∐t
i=1Q(i) is the Ext-projective cover of
∐t
i=1 θ(i) in F(θ). By 4.4, we obtain
the following exact sequence in F(θ)
(5) 0→ N → Q0 (M
′)→M ′ → 0,
where i0 = min(M
′) < min(N) and Q0 (M
′) ∈ add
∐
j≥i0
Q(j). In particular, we
have that i0 6∈ Suppθ (N). If Suppθ (N)∩∞θ = ∅, we have that pdN ≤ s. Hence, we
can apply 3.6 (b) to (5) obtaining that Ψ (Ωs+1Q0(M
′)) = Ψ (Ωs+1M ′). Therefore,
from 3.5, we get pdM ′ = Ψ(M ′) ≤ s+1+Ψ (Ωs+1Q0(M ′)) ≤ s+1+Ψ (Ωs+1Q) ≤
s+ 2 + β since Q0(M
′) ∈ addQ.
Suppose that Suppθ (N) ∩ ∞θ = {i1}. Then, applying 4.6 (b) to the stratify-
ing system (θN ,≤), we get that Ωs+1 (N)
∐
P ≃ Ωs+1 (θ(i1)[N :θ(i1)])
∐
P ′, where
P and P ′ are projective R-modules. Hence, from 3.1 and 3.5, we conclude that
Ψ (N
∐
Q0(M)) ≤ s + 1 + Ψ (Ω
s+1 (Q
∐
θ(i1))). On the other hand, applying
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3.1 (e) to (5), we have that pdM ≤ 1 + Ψ (N
∐
Q0(M)). Therefore pdM ≤
s+ 2 + Ψ (Ωs+1 (Q
∐
θ(i1)); proving the result. ✷
Let (θ,≤) be a stratifying system. As can be seen above, we have proven that
pfdF(θ) is finite in the cases card∞θ = 1, 2 without extra conditions on F(θ).
However, if card∞θ = 3, we were not able to prove that pfdF(θ) is finite without
extra conditions on F(θ). In order to get a proof, we will assume one of the following
“3-properties”.
Definition 4.9. Let (θ,≤) be a stratifying system of size t with card∞θ = 3. That
is, there are indices i0 < i1 < i2 such that ∞θ = {i0, i1, i2}. Let M be any element
of F(θ) and εM : Q0(M)→M be the Ext-projective cover of M. We say that
(a) F(θ) satisfies the 3-finitistic property if i1, i2 ∈ Suppθ (Ker εM ) and
pdM <∞ implies that pdKer εM is finite; and
(b) F(θ) satisfies the 3-cardinal property if Suppθ (M)∩∞θ = {i0, i1} implies
that card (Suppθ (Ker εM ) ∩∞θ) ≤ 1.
Theorem 4.10. Let (θ,≤) be a stratifying system of size t such that∞θ = {i0, i1, i2}
and i0 < i1 < i2. Consider s := max {pd θ(j) : j 6∈ ∞θ} if t > 3, and s := 0 oth-
erwise; ε0 := Ψ(Ω
s+1θ(i2)
∐
Ωs+2θ(i1)), θ1,2 := θ(i1)
∐
θ(i2), θ0,1 := θ(i0)
∐
θ(i1)
and the Ext-projective cover Q := Q0(
∐t
i=1 θ(i)) in F(θ). Then,
(a) if F(θ) satisfies the 3-finitistic property then
pfdF(θ) ≤ s+ 4 + ε0 +Ψ(Ω
s+ε0+3(θ1,2
∐
Q)
∐
Ωs+ε0+4θ0,1);
(b) if F(θ) satisfies the 3-cardinal property then
pfdF(θ) ≤ s+2+max (Ψ(Ωs+1θ(i2)
∐
Ωs+2Q), Ψ(Ωs+1(θ1,2
∐
Q)
∐
Ωs+2θ0,1)).
Proof. Let M ∈ F(θ) be such that pdM is finite. If card (∞θ ∩ Suppθ (M)) ≤ 1,
then we get, from 4.7, that pdM ≤ s; proving the result in this case.
Suppose that card (∞θ ∩ Suppθ (M)) = 2. Then, we can apply 4.8 to the strati-
fying system (θM ,≤); and so, from 3.1 (c), we get that
pdM ≤ s+ 2 + Ψ(Ωs+1 θ1,2
∐
Ωs+2 θ0,1);
thus, the result is also true in this case. As can be seen, up to now, we have not
used either of the ”3-properties”.
Assume that ∞θ ⊆ Suppθ (M). We will proceed in a very similar way as we did
in the proof of 4.8. Therefore, we have the following exact sequence in F(θ)
(6) 0→M2 →Mi0 →M
(2) → 0
such that pdM (2) is finite, ∞θ ⊆ Suppθ (M
(2)), min (M (2)) = i0, max (M
(2)) = i2
and pdM ≤ max (s, pdM (2)). Now, we have all the ingredients we need to prove
the theorem in this case.
(a) Suppose that F(θ) satisfies the 3-finitistic property. So, we take the Ext-
projective cover of M (2) obtaining the following exact sequence in F(θ)
(7) 0→ N → Q0 (M
(2))→M (2) → 0,
where i0 = min(M
(2)) < min (N) and Q0 (M
(2)) ∈ add
∐
j≥i0
Q(j). In particular,
we have that i0 6∈ Suppθ (N). We consider the following three cases.
10 FRANC¸OIS HUARD, MARCELO LANZILOTTA, OCTAVIO MENDOZA
Case 1: ∞θ ∩ Suppθ (N) = ∅. Then, by 4.6 (a), we get that pdN ≤ s; and so,
by applying 3.1 and 3.5 to (7), we get pdM (2) ≤ s+ 2 + Ψ (Ωs+1Q); proving that
pdM ≤ s+ 2+ Ψ (Ωs+1Q).
Case 2: card (∞θ ∩ Suppθ (N)) = 1. So, applying 4.6 (b) to the stratifying
system (θN ,≤), we get that Ωs+1(N)
∐
P ≃ Ωs+1(θ(j)mj )
∐
P ′, where P and P ′
are projective R-modules, j ∈ Suppθ (N) ∩ {i1, i2} and mj := [N : θ(j)]. Thus, by
applying 3.1 and 3.5 to (7), we get
pdM ≤ s+ 2 + Ψ (Ωs+1 (θ1,2
∐
Q)).
Case 3: card (∞θ ∩ Suppθ (N)) = 2. Hence, i1, i2 ∈ Suppθ (N); and so, since
pdM (2) < ∞, we get that pdN < ∞. Therefore, from 4.8, we conclude that
pdN ≤ s+ 2 + ε0. Thus, applying 3.1 and 3.5 to (7), we get
pdM ≤ s+ 4 + ε0 +Ψ(Ω
s+ε0+3Q).
The result follows by applying Lemma 3.5 (ε0 + 2 times) to the first, second and
third inequalities.
(b) Suppose that F(θ) satisfies the 3-cardinal property. Since max (M (2)) = i2,
there is an exact sequence in F(θ)
(8) 0→ θ(i2)
m2 →M (2) →M (1) → 0,
where i0 = min(M
(2)) = min (M (1)) and ∞θ ∩ Suppθ (M
(1)) = {i0, i1}. So, by
taking the Ext-projective cover ofM (1), we construct the following exact and com-
mutative diagram in F(θ)
0

0

K

K

0 // θ(i2)m2 // E //

Q0(M
(1)) //

0
0 // θ(i2)m2 // M (2) //

M (1)

// 0
0 0,
where i0 < min (K); in particular, ∞θ ∩ Suppθ (K) ⊆ {i1, i2}.
Since Q0(M
(1)) is θ-projective, we have that E ≃ θ(i2)m2
∐
Q0(M
(1)); and so, from
3.1, we get that
(9) pdM (2) ≤ 1 + Ψ (θ(i2)
∐
Q
∐
K).
On the other hand, since F(θ) satisfies the 3-cardinal property, we obtain that
card (∞θ ∩ Suppθ (K)) ≤ 1. If ∞θ ∩ Suppθ (K) = ∅, then pdK ≤ s; and hence,
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from 3.6 (b), we obtain that Ωs+2M (1) ≃ Ωs+2Q0(M (1)). Hence, by applying 3.2
to (8), we obtain, from 3.5, the following inequality
pdM ≤ 2 + s+Ψ(Ωs+1 θ(i2)
∐
Ωs+2Q)
since Q0(M
(1)) ∈ addQ.
Finally, in case card (∞θ∩Suppθ (K)) = 1, we conclude from 4.6 that Ω
s+1 (K)
∐
P ≃
Ωs+1 (θ(j)mj )
∐
P ′ for j ∈ ∞θ ∩ Suppθ (K) and some projective R-modules P and
P ′. Then, from (9) and 3.5, we get
pdM ≤ 2 + s+Ψ(Ωs+1 (θ1,2
∐
Q)).
Then, joining the first and the last two inequalities, the result follows. ✷
5. Examples
Let (θ,≤) be a stratifying system of size t. We recall that ∞θ = {i ∈ [1, t] :
pd θ(i) =∞}. In Section 4, we have proven, without extra conditions on F(θ), that
pfdF(θ) is finite when card∞θ = 1, 2. In the case card∞θ = 3, we were not able
to prove that pfdF(θ) is finite without extra conditions. Moreover, if F(θ) satisfies
one of the “3-properties” defined in 4.9, we have proven in 4.10 that pfdF(θ) is
finite. Therefore, if a counter-example of the finitistic dimension conjecture exists,
it might be given by a stratifying system. For example, we could start by looking
for a stratifying system (θ,≤) with card∞θ = 3 and such that both of the “3-
properties” do not hold for F(θ).
We point out that the problem, in the proof of The Homological Stratifying
System Conjecture I, appeared when card∞θ = 3. Note that the same kind of
problems appear in at least two known results when attempting to prove, using
Igusa-Todorov’s function, the finitistic dimension conjecture.
Example 5.1. K. Igusa and G. Todorov in [9].
The result we would like to prove:
If repdim (R) <∞ then pfd (R) <∞.
The result that can be proven by using Igusa-Todorov’s function:
If repdim (R) ≤ 3 then pfd (R) <∞.
Example 5.2. C.C. Xi in [5].
The result we would like to prove: If Ij for 1 ≤ j ≤ n is a family of ideals of R
such that I1I2 · · · In = 0 and R/Ij is of finite representation type for any j, then
pfd (R) <∞.
The result that can be proven by using Igusa-Todorov’s function: Let Ij with
1 ≤ j ≤ n ≥ 2 be a family of ideals of R such that I1I2 · · · In = 0 and R/Ij is of
finite representation type for any j. If pd Ij <∞ (as left R-module) and pd Ij = 0
(as right R-module) for j ≥ 3, then pfd (R) <∞.
Example 5.3. Let R be the quotient path k-algebra given by the following quiver
2
•
β
>
>>
>>
>>
>
1•
α
@@         γ //
•3
δ
oo
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and the relations γδβ = δγ = αδ = δβα = 0. It is clear that rad3R = 0; and so, by
the Corollary 7 in [9], we know that
(10) pfd (R) ≤ 2 + Ψ (R/rad (R)
∐
R/rad2(R)).
On the other hand, the structure of the indecomposable projective R-modules is
P (1) =
1
2 3
3
P (2) =
2
3
1
P (3) =
3
1
3
.
Therefore the standard R-modules are R∆(1) = S(1), R∆(2) = S(2) and R∆(3) =
P (3). Now, we will compute the minimal projective resolution of the simple R-
module S(2). The relevant parts of this resolution are the following exact sequences
0→
3
1
→ P (2)→ S(2)→ 0,
0→ S(3)→ P (3)→
3
1
→ 0,
0→
1
3
→ P (3)→ S(3)→ 0,
0→
2
3
→ P (1)→
1
3
→ 0,
0→ S(1)→ P (2)→
2
3
→ 0,
0→ S(3)
∐ 2
3
→ P (1)→ S(1)→ 0.
So, we get that pdS(1) = pdS(2) = pdS(3) = ∞. Therefore, ∞
R∆ = {1, 2}, and
we can apply 4.8 to get that
(11) pfdF(R∆) ≤ 2 + min (α, β)
where α = Ψ(ΩR∆(2)
∐
Ω2 R∆(1)) and β = Ψ(Ω (Q
∐
R∆(2))). We will compute
those numbers, and in order to do that, we have to know the Ext-projective cover
Q = Q(1)
∐
Q(2)
∐
Q(3), in F(R∆), of the R-module R∆(1)
∐
R∆(2)
∐
R∆(3). It
can be proven that Q(3) = P (3); and moreover, that the following exact sequences
satisfy the Definition 4.1
0→ R∆(3)→ Q(2)→ ∆(2)→ 0,
0→ R∆(2)
∐
R∆(3)→ Q(1)→ ∆(1)→ 0,
where Q(2) =
3
1 2
3
and Q(1) =
1 3
2 1
3
.
Furthermore, we have the following exact sequences
0→ S(3)2 → P (1)
∐
P (3)→ Q(1)→ 0,
0→
3
1
→ P (2)
∐
P (3)→ Q(2)→ 0.
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Then we have M := Ω (Q
∐
R∆(2)) = S(3)
2
∐ 3
1
∐ 3
1
. After some calculations, we
can see that β = Ψ(M) = 0. On the other hand, M ′ := ΩR∆(2)
∐
Ω2 R∆(1) =
3
1
∐ 1
3
∐
S(1); and so, it can be proven (using Fibonacci’s sequence!) that α =
Ψ(M ′) = 1. Hence, from (11), we get that pfdF(R∆) ≤ 2. In a very similar way,
it can be seen that Ψ(R/rad (R)
∐
R/rad2(R)) = 2; hence, from (10), we obtain
that pfd (R) ≤ 4.
Example 5.4. Consider now, the following quotient path k-algebra A given by the
quiver
2
•
β

γ
>
>>
>>
>>
>
1•
α
@@        
•3
λ
oo
δoo
and the relations given in such a way that all the paths, except for β3α, of length 4
are equal to zero and γα = γβα. In this case, the standard A-modules are
A∆(1) = S(1), A∆(2) =
2
2
2
2
and A∆(3) = P (3).
It can be seen that pdA∆(1) = pdA∆(2) = ∞; and so, from 4.8, we get that
pfdF(A∆) is finite. We assert that F(A∆) is of infinite representation type. In-
deed, for each t ∈ k, consider the matrices
Mt(α) :=


1 0 0 0
0 0 0 0
0 0 0 0
0 1 0 0
0 0 1 0
0 0 1 0
0 0 0 1
0 0 0 t


Mt(β) :=


0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0


.
It can be proven, that the following representation Mt
k8
Mt(β)

0
>
>>
>>
>>
>
k4
Mt(α)
>>~~~~~~~~
0
0
oo
0oo
is indecomposable for any t ∈ k. Moreover, Mt1 6≃Mt2 if t1 6= t2; also Mt ∈ F(A∆)
since there is an exact sequence 0→ A∆(2)2 →Mt → A∆(1)4 → 0.
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